In this paper, a new efficient and applicable method in order to solve the first kind Cauchy integral equation is presented. For this purpose, this integral equation is converted to the second kind, then the homotopy analysis method is applied to solve the obtained integral equation. Also, the convergence of the proposed method is proved. Several applicable examples are presented which are appeared in the theory of airfoils in fluid mechanics. By plotting thē h-curves, we show the convergence region of the examples and the tables of absolute errors for different values ofh and x are tabulated.
Introduction
Singular integral equations (SIE) with Cauchy kernels arise in several problems of elasticity theory, aerodynamics, mechanics, thermoelasticity, and queuing analysis [4, 11, 20, 23] . These kinds of singular integral equations are solved analytically; see, for example the excellent book by Mushkelishvili [22] , and the references therein. But only special cases of these equations are solved analytically, so we should solve other classes of these equations by using numerical methods. There are a few numerical methods on singular integral equations with Cauchy kernel including the Bernstein polynomials [25] , Collocation method [5, 8] , Successive approximations [21] and so on. In 1988, Ioakimidis [10] solved the airfoil equation with the successive approximation method for the first time. In recent year, homotopy analysis method has been applied in different works [2, 6, 7, 9, 24] . The homotopy analysis method (HAM) was proposed by Liao [12, 13, 14, 15] . This method has been successfully applied in many problems such as fluid flow and heat transfer problems [1, 16, 17, 18] . The HAM and its modifications contain a certain auxiliary parameterh, which provides us with a simple way to adjust and control the convergence region and rate of convergence of the series solution. Moreover, by means of the so-calledh-curve, it is easy to find the valid regions of h to gain a convergent series solution. In this work, by using new and same technique we transform the first kind Cauchy integral equation to the second kind and by using the homotopy analysis method the resulted integral equation is solved. This paper is organized as follows: At first, in section 2, we remind the homotopy analysis method and Cauchy integral equation, then in section 3, by using a new applicable technique we transform the first kind Cauchy integral equation to the second kind and solve the obtained integral equation by using, HAM. In section 4, we prove the a convergence theorem and in section 5, by solving some sample examples and plottingh-curves, we illustrate the region of convergence. Also, by drawing some tables we show the absolute errors for different values of x andh. Finally, section 6 is conclusion.
Preliminaries and notations

Cauchy integral equations
Let the following singular integral equation
where K 0 (x,t), K(x,t) and f (x) are given real valued functions belonging to the Holder class and φ(t) is unknown. If in Eq. (2.1), K 0 (x,t) = 1 and K(x,t) = 0 then
which is called the characteristic singular integral equation. It is well known that the analytical solutions of Eq. (2.2), in the following four cases, can be determined [5, 19] :
The solution is unbounded at both end-points x = ±1,
where
Case (II):
The solution is bounded at both end-points x = ±1,
Case (III):
The solution is bounded at the point x = −1,
Case (IV):
The solution is bounded at the point x = 1,
Homotopy analysis method
In this section, the basic ideas of the homotopy analysis method are introduced. Here a description of the method [12, 13, 14, 15] is given to handle the general nonlinear problem,
where N is an nonlinear operator and φ(x) is unknown function. We show the initial guess of the exact solution φ(x) by φ 0 (x), auxiliary parameterh ̸ = 0, auxiliary function H(x) ̸ = 0 and auxiliary linear operator L with the property,
The auxiliary parameterh, the auxiliary function H(x), and the auxiliary linear operator L play important roles within the HAM to adjust and control the convergence region of solution series. Now by defining the embedding parameter q ∈ [0, 1], we can construct a homotopy as follows:
By equating the right hand side of Eq. (2.
3) with zero, we can construct the zero order deformation equation 
Expanding ϕ (x; q) in Taylor series with respect to q, we have
If the power series (2.5) of ϕ (x; q) converges at q = 1, then we get the following series solution,
where the terms φ m (x) can be determined by the so-called high-order deformation equations which are described below. For brevity, define the vector φ
}. Now by m-times differentiating the zero order deformation equation (2.4) respective to q and then dividing to m! and finally setting q = 0, we can construct the m-th order deformation equation
The solution φ(x) given by the above approach is dependent to L,h, H(x), and φ 0 (x). Thus, unlike all previous analytic techniques, the convergence region and rate of solution series given by the above approach might not be uniquely determined. If ∑ n m=0 φ m (x) tends uniformly to a limit as n → ∞, then this limit is the required solution. We emphasize that in HAM we have great freedom to choose the initial guess φ 0 (x) , the auxiliary linear operator L, the non-zero auxiliary parameterh, and the auxiliary function H(x).
Main Idea
We consider the special form of Cauchy integral equation of the first kind
where functions φ(t),
t−x and f (x) are assumed to be continuous. Now, we use a new technique for transform the first kind Eq. (3.6) into second kind. More precisely we consider the following related problem
We transform Eq. (3.7) into the following integral equation
Consequently,
c(x) . It is clear that Eq. (3.8) is an integral equation of the second kind and we can solved by using homotopy analysis method that will be described in the sequel. For solving equation (3.8) let 9) and hence it can be written,
The m-th order deformation equation is
] .
(3.10)
Choose Lφ = φ as the auxiliary linear operator, as a zero-order approximation to the desired function φ(x), the solution φ 0 (x) = g(x), is taken, the auxiliary function H(x), can be taken as H(x) = 1. This is substituted into (3.10) 
, m 2. 
]
.
, H(x) = 1 and use the definition of χ m and L for obtained equations in previous step to construct the iteration formula (3.11).
(7) Calculate (m + 1)-th approximate of solution by using
Convergence analysis
In this section, a theorem is proved to illustrate the convergence of the homotopy analysis method.
International Scientific Publications and Consulting Services Theorem 4.1. As long as the series solution Proof. If the series (4.12) converges,we can write
and it holds that lim m→∞ φ m (x) = 0.
We can verify that
which gives us, according to (4.13),
Furthermore, using (4.14) and the definition of the linear operator L, we have
Therefore, we can obtain that
which gives, sinceh ̸ = 0 and H(x) ̸ = 0, that
into the above expression and simplifying it, we have 
and so, S(x) must be the exact solution of Eq.(3.8).2
Numerical examples
In this section, we present several examples of Cauchy integral equation of first kind. These problems are appeared in the theory of airfoils in fluid mechanics [3, 26] . By plotting theh-curves of the solutions in examples and calculating absolute errors for different values ofh and x , the region of convergence are shown. The package which is used to solve the examples and implement the proposed algorithm is Mathematica 8.
Example 5.1. Consider Cauchy integral equation
By using the steps of algorithm 1, the following results are found: 1 Add and subtract function φ(x) to Eq. (5.17)which lead to
1 π ∫ 1 −1 √ 1−t 1+t t − x [φ(t) − φ(x) + φ(x)] dt = −1, − 1 x 1.
Transform the first kind integral equation to the second kind by separating one of the function φ(x) which leads to
φ(x) 1 π ∫ 1 −1 √ 1−t 1+t t − x dt = −1 − 1 π ∫ 1 −1 √ 1−t 1+t t − x [φ(t) − φ(x)]dt. (5.18)
Calculate c(x) and g(x) for Eq. (5.18) and choose
c(x) = 1.
4 Form the operator N by using Eq. (3.9) .
Use the m-th order deformation equation (3.10) which lead to
International 
7 Calculate (m + 1)-th approximate of solution by using
which is the exact solution to this problem.
Example 5.2. Consider the Cauchy type singular integral equation of the form
are the airfoil polynomials of first order and the exact solution to this equation φ(x) is expressed in terms of the airfoil polynomials of the second kind u n , that is φ(x) = u n (x), where
If we choose n = 2, then t 2 (x) = −1 − 2x + 4x 2 .
Thus the exact solution to this equation is given by
As discussed before, by using iteration formula (3.11) , we have
. . .
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In Figure 1 , by plotting theh-curve of the solution we see the convergence region for this problem and in Table 1 we calculate absolute error for different values ofh and x. We see forh = −1 the solution is exact. 
with the exact solution φ(x) = 2x − 1.
Now we have
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with the exact solution φ(x) = 1 − 4x + 4x 2 + 8x 3 .
By using algorithm 1, we have
. . . Figure 3 , shows theh-curve of the solution and convergence region of the method. In Table 2 , we calculate absolute errors for different values ofh and x. Forh = −1 and n = 5 the obtained solution is exact. 
Conclusion
In this paper, we used a new efficient method based on the homotopy analysis method for solving Cauchy integral equation of the first kind. In this method, at first, the Cauchy integral equation of the first kind is transformed to the second kind then, by using recursive relations obtained from homotopy analysis method, solved the proposed integral equations. By presenting a theorem, we proved the convergence of method. Also, we solved some sample examples that these problems are appeared in the theory of airfoils in fluid mechanics by using the homotopy analysis method. Consequently, the HAM as a semi-analytical method is able to solve one of the important family of the singular integral equations and the proposed scheme can be applied for other kinds of special integral equation with singularity.
